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MOTIVATION

@ Non-local games have been important in the process of understanding
the entanglement.

o It has been clear from recent results that the theory of non-local games
provides also a way to construct interesting examples of (operator)
algebras.

@ Recently non-local games have been used to show that the Connes
Embedding Problem has a negative answer.

@ The value of a nonlocal game, which is the supremum of the probability
of winning the game over all allowed strategies, has been an important
ingredient for the proof of CEP and the equivalent Tsirelson conjecture
about separation of different mathematical models for entanglement;

o It seems that non-local games with quantum inputs/outputs suggest
further advantages. Such games and quantum game values arising from
different strategies and their connection with different operator space
tensor norms will be the main focus in my talk.
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CLASSICAL NON-LOCAL GAME

A non-local game is a tuple G = (X, Y. A, B. A\, 1), where X, Y, A and B are
finite sets, A : X X ¥ X A x B — {0, 1}, 7 is a probability distribution on
X xY.

with prob. m(x,y)

A%

xeX yey

strategy

A(X,y,a,b) =0~ IOOSG; )\(x,y’a’b) =1 ~» win
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NON-LOCAL GAMES: STRATEGIES

A deterministic strategy: f:X — A, g:Y = B.
It is a perfect (or winning) strategy if A(x,y,f(x),g(y)) = lforallx e X,y € ¥

More generally: The players possess a set {(f;, gi) }*_; of deterministic strategies and employ
randomness to choose which one to apply, according to a probability distribution ()\i)f-‘:l.

Non-deterministic strategies: to the same input (x,y) the players may reply in
different rounds with different outputs (a, b) and (&', b").

~~ A probabilistic strategy: {(p(a,b|x,y))(ap)caxs : (X,¥) € X x Y}, where
p(+,-|x,y): a probability distribution for each (x, y).
p(a, b|x,y) is the probability of reply (a, b) to the question (x, y).

p is a perfect strategy if \(x,y,a,b) =0 = p(a,blx,y) = 0.

L. Turowska Quantum values of cooperative quantum games



NO-SIGNALLING STRATEGIES

A probabilistic strategy: {(p(a, b|x,y))@peaxs : (x,¥) € X x Y}, where p(-, -|x, y):
a probability distribution for each (x, y).

p = (p(a,b|x,y)) no-signalling if 3 well-defined marginals:
plalx) = pla,blx,y"),p(bly) = > pla, blx', y) Notation: Cps.
beB acA

A correlation p is called

@ Jocal if it is a convex combination of product correlations p; (a|x)p2(b|y) Notation: Cic
@ quantum if

p(a, b‘xv y) = <(EX7‘1 ® Fy,b)é‘, £>7
where (Ex)aca (Fyp)pes fin. dim. POVM’s (ie. Exq > 0, > Exq = 1) Notation: Cq.
@ quantum commuting if

P(CL b‘xv y) = <Ex.,aFv,b£7 §>,
where (Eyq)aca and (Fyp)scs POVM’s with E, ,Fy , = Fy Ey. Notation: Cyc.

[ Cioc & Cq & Cq & Coe & Cis
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VALUE OF A GAME
p is a perfect strategy if \(x,y,a,b) =0 = p(a,blx,y) = 0.
If no perfect strategy in C; one asks about the Cl-winning rate (7-value):

wi(G, ) = sup Z p(a, blx,y)A(x,y,a,b).

xyab

@ w (G, ) = 1 iff 3 perfect strategy p € C;

@ CHSH-game: X =Y =A=B=1{0,1}, \(x,y,a,b) =1 & xy=a+b,
m-uniform. Then wi.(G) = 0,75, but wy(G, ™) = wee (G, m) =~ 0, 85.

@ by an extreme point argument, wjo.(G) is obtained by deterministic strategy;

Wq(g) = sup ZX»Yaavb 7T()C, y))\(x MR b)< e ® Fy bg €> } maybe difficult to calculate

wqe(G) = sup Zx,y#,b (X, Y)A(X, ¥, @, b)(Ex.aFy €, €)

@ Ji, Natarajan, Viddick, Yuen *20: There exists a game with w,(G) < w,c(G)
refuting Connes embedding problem:if Axs = €3° % ... % £5° (|X]| terms) with
generators e, , = e, = e; ,and > ex, = 1,Vx € X and

r= Z /\(xvyva7b)7r(x7y)ex,u & ey,b € AXA X -AYB

X,y,a,b

then wq(G) = |7/ Ag @minArss Wae(G) = [|1]] A @mays (Junge et al + Lupini et al)
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TOWARDS ANOTHER TENSOR FORMULA

A correlation p = {(p(a, b|x,y)ap : (x,y) € X X Y} ~> N, : Dxy — Dyp,

(’DX C My, diagonal matrices, Dxy = Dx ® Dy)

No(ewx @ ery) = > pla, blx,y)eaa @ €.

a,beA

Incorporating probability distribution 7 in &, € C* @ CK, R = XY:

=) Ve ease

x,yeX

and the rule function A in

P= Z Z €a,a ® €b,b ® €x,x ® €yy € ,PABR,

X,y (a,b)€Eyy
where £, = {(a,b) : AMx,y,a,b) = 1}, we get
wi(G) = sup Tr((N, ® idg) (&x&x)P).-

peCy
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QUANTUM VALUES: ONE PLAYER QUANTUM GAMES

For a collection Q of quantum channels I' : My — M}, a unit vector £ € C*® Hg, a
projection P € B(C* ® Hg) let the Q-value of the pair (¢, P) be

wo(&,P) = sup Tr((I' ® id) (6€7)P)

X—>—>A POVM

@ I': Mx — My - quantum channel < & := T : My — Mx - u.c.p map

@ Adding coeff. get ® : My — Mx ® B(H) with Choi matrix
E=(®(esu))aw = (Exnt aa st aar € Mxa(B(H))T , a stochastic operator matrix,
ie. TaE=1Ix @ Iy.

@ & ostateon H ~ g o : Mx — My,
Prir(eow) = Blens ©0) = 3, 0B eau
Stinespring’s Theorem ~ factorisation E, , o, = U Uy v, where U = (Uq,x)a,x block
operator isometry with Uy x : H = K s.t. ®(T) = U*(T ® 1x)U, T € Mx.

Collection Q of channels ~ collection R of block operator isometries.
R~ QC(R)={Tye:U€R,ostate} C Q.
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RESOURCE SPACE

U = (U, x)a,x block operator isometries ~~ universal TRO
Vx.a = [tax : (Ulax)ar universal block isometry]

~ OX,A = Span{ua,x rac A,X € X} e, S‘lA’X =c.i. B((CX, CA)*y Ugx — €xa € S?’X
~ Cxa = Ryy, = [Vx 4Vx.al, universal C*-algebra for operator stoch. matrices;
~s Txa = span{ey v g0 = u;‘“x,ua,x,a’,a € A, x,x' € X} operator system.
Collection R = {(Uy,x)q,x : isometry} is a resource over (X, A) if

@ R is closed under direct sums;

@ suo:Txa— C, exnaw = o(U; Uy v) is separating

For u € M, (Ox.4) let ||u]|% = supyep 105 ()], where 6, (11, ) = U,..
~+ another operator space structure (9)7(27 4 on Ox 4 withid : Ox g — OZ(%A contractive.
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QUANTUM VALUE OVER A RESOURCE

Theorem 1
Let R be a resource over (X,A), £ € CX @ Hg unit, P € B(C* ® Hg) a projection
P=> vy and p, = Trg(&7;) € Sf’X ~i Ox.. Then

wr(§P) = Sup I'Tr((Ty,o ©id)(6€7)P)I| = llloallne (07, -

Proof: Iff = Zx ey ® €x and Yn = Za e ® Yn,a then Pn = 2x7a<'yn,a,£x>€x,a and

Tr((l'y,o ®1id)(£67)P)
72 Z Uaan’X/ ’Yna/afx’><€x37na>

n xx',a,a’

= (0u(pa) 0u(pn))-

Recall: Oy (€ex,a) = Ugyy.
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QUANTUM NO-SIGNALLING CORRELATIONS: CLASSES

@ We’d like to play quantum games when Alice and Bob receive quantum states
as inputs and apply quantum operations to produce quantum outputs.
No-signalling strategies?

Quantum no-signalling (QNS) correlations (9,..) - quantum channels " : Myy — Map:

TI'AF(WX ® (.Uy) = TrAF(W)/( ® u)y) and TrBF((JJX %4 OJy) = TIBF(UJX %) w;/) (Duan-Winter)
A family of quantum POVM’s:

A family of classical POVM’s:

{(Ex,a)aca : x € X}
~ E = erA ZaEA €x,x & €a,a ® Ex,a € MXA(B(H))+

Stochastic operator matrix

E= (Ex,x’,a,a’) € Mxa (B(I‘I))Jr such
that TraE =1 ® Ix .

Classes of QNS <+ Choi matrices (I'(ex v ® €,y/) )a,a’ b,

M M Quantum commuting (Qgc)
Convex combinations ((Exn ae? @ Fyyr p 7€, 6)), (Eerr aa Py &, €))sc € i
ofd U & € Hy ® Hg. Hy, Hp fin.-dim. OGATVYL00TR S

¢ My — My ® B(H),
P Mp — My ® B(H),
T(p) = (¢ ¥)x(p ® we ¢)

L. Turowska Quantum values of cooperative quantum games



QUANTUM NON-LOCAL GAMES

Quantum graph homomorphism games:

Quantum graphs U C C*¥ @ C¥,V C C* @ C* are symmetric subspaces, which are
skew ((§,>  cxex ®ex) = 0,VE e U)
(classical: Ug = span{e, ® e, : x ~¢ y}).

@ Inputs: states p in Mxy
@ Outputs: states o in Myx
@ Strategies: no-signalling I' : Myxy — My

@ T is perfect if p < Py (p is supported in i) = I'(p) < Py

Question:

Given quantum graphs U, V, is there a perfect strategy in class Q for Hom(i/, V)? If not what
is the winning rate?
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CLASSES OF QNS AND RESOURCES: THE RESOURCE R4

@ To each QNS class Q;, we would like to associate a resource R, on (XY, AB) of
block operator isometries and identify wz (£, P).

The quantum resource
R, ={UaV:U:C*®Hy - C*®Ks,V:C'®Hy — C?®Kp)

(Hx, Hy finite dim.)

@ OC(Ry) ={T'w,o : W€ Ry, o state} = Qg:

E vt aa Fy v b,
* *
PU@VvW(,g (G«WC' ® 6)',)") = Z <(Ua,an’,x’ ® Vh,be’ ,y’)Cv C>6a,a’ ® (W%

a,a’ ,b,b’

AX .

@ AS Ox A ®min Oy, C Vx4 @min Vy,8, Oxa ~ci. S;7°, obtain
R AX B.Y
OXY‘I,AB e, Sl @min Sl .

® wry(&,P) = IITre(€¥Il, _ | (s, snr) FOr P =32, %

Rank one quantum game G of Cooney-Junge-Palazuelos-Pérez-Garcia 15: € € CX"R and rank one projection P = y~™* € B(CABR)A

Then wp (&,P) = w*(G).
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CLASSES OF QNS AND RESOURCES: THE RESOURCE R
We say that two families £ C B(K, L) and F C B(H, K) semi-commute if

E*E and FF* commutein B(K) H—K — L

The block operator matrices U = (Ugx)q,x and V = (V} )., semi-commute if the
families {Uqx}4,x and {V},}5 , semi-commute.
The quantum commuting resource

Roe = ((UapVoy)apry : U= (Uax), V = (Vs,y) semi-comm. isom.)

Theorem 2
We have OC(Rqc) = Qqe-

@ For Q4 C OC(Ry) need: VU = (Ua,x), V = (Vb,y), block isometries with commuting
Ex,x’,a,a’ = U;,an’,x’ and Fv,y’,b,b' = V};k,yvb’,y” U= (U‘LX)’ V= (Vha.\') block
isometries s.t. {Uqx }a,x and {Vjy }5,y semi-commute and

<U¢T,\‘Ua’ X! V[:k,be’,y' §a £> = <‘7;:,y f]:,x Da’,x’ Vb’,)"§7 £>a
—_—
E v ga Fotpy
which is essentially Arveson’s lifting theorem: « : My — My ® B(H), ¥(S) = V* (S ® 1y)V

= 3p: p(Mp) — Ix @ BH) st.xp(S) = V*p(x)(S ® 1)V, x € 3 (Mg)’.
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TRO’S TENSOR PRODUCTS AND QC-VALUE: ®max

A TRO tensor product: TRO’s U, V ~ ternary producton U @ V :
(1 @ v1) (2 @ v2)*(uz @ v3) = wusuz @ vivivs
~ |[W]lmax = sup{||@(w)| : 0 : U ® V — B(H, K) ternary morphism} ~» U ®@max V

Theorem 3

0:U®YV — B(H,L) is a ternary morphism iff 3 a Hilbert space K and
semi-commuting ternary morphisms ¢ : U — B(K,L) and ¢ : V — B(H, K) such
that 0 = ¢ - ¢, i.e. O(u @ v) = o(u)p(v).

Rt W Ry = IW]lmaxs W € Oxa @ Oy p C Vxa @ Vy p.
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TRO’S TENSOR PRODUCTS AND QC-VALUE: ®max
Say that ternary morphisms ¢ : U — B(H), v : V — B(H) commute if

S(u)(v) = Y(v)p(un) and ¢(u)* ¥ (v) = G (v)(w)*. Forw € U © V set
Wllinax := sup{ | (& - 1)(w)]| : 6, commute } ~ U @qngy V (Kaur-Ruan "02)

Theorem 4
Il llmax = || - |ltmax on U ® V and hence U @pmax V = U Qumax V-

AX BY
Define 87" ®max S77 as an operator subspace of Vx 4 ®max Vv,

Corollary

We have WR e (f, P) = H [p,,] HIZWQO,](S?’X@‘MXSB'Y) for P = Zn ’Yﬂ:, Pn = TI‘R(S’V:{)-

1

Let U ®, V be the symm. Haag. tensor product: ||M||, = inf{|julln + [[c(v)||n : M = u + v}.
As for || - ||n one takes all c.c. ternary morphisms while in || - ||imax only commuting ones, one
gets, using the operator space Grothendieck inequality (Pisier-Shlyahtenko, Haagerup-Musat):

Corollary

We have wyc (€, P) < w, (€, P) := ||[pa]

where n = rankP.

) Therefore, Y& < 45

2
”Moo,l(sf‘*xe@usf’*’ wq(€,P)
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IDEA OF THE PROOF OF THEOREM 3

Theorem 3

0:U®YV — B(H,L) is a ternary morphism iff 3 a Hilbert space K and
semi-commuting ternary morphisms ¢ : Y/ — B(K,L) and ¢ : V — B(H, K) such
that 0 = ¢ - ¥, i.e. O(u @ v) = d(u)(v).

TRO U ~ Ry = [U*U] and Loy = [UU].

° Assume 0:U ® V — B(H, L) is ternary. Then 7r9 Ru ® Ry — B(H) is
7R = 7l x =& for commuting representations 75, 7% of Ry, Ry.

@ Equip V ® H with inner product (vi ® {1, v2 ® &) 1= (78 (v3v1)&1, &) and geta
Hilbert space V ®y, H.

@ Lety:V — B(H,V ®y H), ¥(v)§ =v®y & Then 7l = 75 and
(@) (v @y €) = av @y €.

@ Define¢: V — B(V Qy H,U Ry (VRy H), d(a)(vey &) =axy (vey ).
We get that ¢ and v semi-commute: H -V Qy H - U Qu V @y H

@ W:u®yvey— 0(u®v)isanisometry and = (W o ¢) - ).
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IDEA OF THE PROOF OF THEOREM 4
Theorem 4
Il llmax = || - |ltmax on U ® V and hence U @pmax V = U Qymax V- J

Lemma ( a la Arveson’s commutant lifting)

If U4 and V are TRO’sand ¢ : U/ — B(K,L) and ) : V — B(H, K) semi-commuting ternary morphisms with v left non-degenerate,
then there exists a --homomorphism p : R 1) = (Ryp(v))’ st p(D)Yp(V)* = p()*b,b € RV € V-

@ U ~~ the linking algebra Dy, = [ ZL*{ 7? ]
u

@ Having a c.c.p map Dy — Ry, get Ry Omax Ry C Dy Qmax Dy

@ Arveson’s lifting applied to semi-commuting &, ¥, ~ p : Ry — Rip(\i) s.t.
p o7l and 7}, commute
°

(6 ) m @) I = IS (5™ e * ()b i) | = | S (p(()* p(u)) () * w (1)
ij i
<UD @ vill Ry @Ry = Il D171 @ v Vil Dy @Dy, = 11D 1 @ villDy @ Dy
i,j ij i

ie. ||W||max < ||W||tmax-
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THE RESOURCE Rjoc AND LOC-VALUE

Rioe ;= {(URV : U € B(CX,C*),V € B(C",CBT) isom. S, T fin. sets}.
QC(RIOC) == Qloc:
@ Elements of Qo are convex combinations of ® ® WU,

@ Kraus decomposition ~» ®(w) = > ¢ UswUy, ¥(w) = 37 7 ViwV," ~ U = (Uy)ses,
V = (Vt)tGT-
For X, ) - op. spacesand ¢ : X — ), let

o =sup{[|Bogoals) :a:Re = &,B:) — Co complete contr. }

~ Sy ’Cb(X , V) weak cb-Hilbert Schmidt operators and natural op. space structure
(Junge-Kubicki-Palazuelos-Pérez-Garcia, *21). For finite dimensional X and ) write

X* Qyen Y = Sy (X, ).

Theorem
We have O3% 5 = SHE D SEY and wiee (€, P) = ||[on] ||2 (S @y S™T)

Key: U = (Us)ses € B(CY,C¥),V = (Vier € B(CY,C%) ~ (0 @ 0v)(w) = I, (Us ® Vi, w)es @ er,
a(€) = (&, e) Uy and B(p) = 2,(Vi, phes with || (9y ® ) ()]l = |B 0 w 0 als.
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QUANTUM VALUE OF HOMOMORPHISM GAME

UecC¥eCX YV c C*®CAbe quantum graphs; Py, and Py, are the projections onto
U and V respectively.
Let {&;};cs be an orthonormal basis of CX ® CX such that Py = Y icicy &€l

Set £ — Z,‘i./ \/7(1)&; @ e;, where 7 a public distribution on J, and
P=3 " Pv@eie] +3 41 @eief = an(,-)nj*(i) ® e;el (predicate).
Let py = /m(i)&my,) and M = [p;];;, viewed as column vector.
Proposition
TFAE

@ wy(&,P)=1;

@ thereis I' € Q. such that for any state 0 € Mxx, we have

PyoPy = o = PyI'(o)Py =T(0);

@ ||M||max = 1.

L. Turowska Quantum values of cooperative quantum games March 4, 2024 20/23



ALTERNATIVE GAME VALUE EXPRESSIONS
@ S (M,) - the dual operator space of My 0, Si' =~ CB(My, My);

@ ®. the Banach injective product, X, ) finite dim ~» X* ®. Y ~ B(X,)).

@ R -finite, (bR TMr Q@ Mp — C,a®b— Tr(ab), f c cxY (9 (CR, P € Pagg;
@ (£* @ P, aselementin (S (My) ® S} (Mg)) ® Mg @ Mg, and set

H = (id @ ¢r)(£€* ® P).

Theorem
® wioe(,P) = |[Hl|sxv0)0..57 ()

® wy(&,P) = H| 5 (41y) @Y (M1p)-

Corollary (Palazuelos-Vidick, 16)

LetG = (X, Y,A, B, A, ) be classical non-local game and
G = (7(x, »)A(%,,a,5))xy.a € £ (£5) ® £ (£;). Then

® wioe(G) = IGllex(en )@ ex (e, )

® wo(9) = lIGllexea, )@ 22, )-
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IDEA OF THE PROOF
® CB(My, Mx(B(H))) =~ S Qumin Mx Qmin B(H) ~ CB(S{(My), B(H));
@ U = (Uax)a,x block op. isometry ~ @y (eqar) = -, v € @ Ug Uyt v ~

Ty : Sf((MA) — B(H), TU(Ex’xl ® ea,a’) = U:,an’,x’ c.c.; similar
V= (Vb,y)b,y ~s Syt Sly(MB) — B(K)

@ wy(&,P) =supyy ) Tr((Lugy,e ®id)(£67)P) = A
supy v, o((Tv @ Sv) ((id ® ¢r)(£€* @ P)) ~» wq(§, P) < [[Hl[sx vy) 05087 ()

i

For the reverse inequality:

@ using the Paulsen 2-trick, any c.c. map @ : My — Mx ® M, ~~ to a completely positive

b My — MZ(MX ®Mn) S.t.

o= (3 20 Yoem

with ¢; u.c.p. Similarly, c.c. ¥ : Mg — My @ M, ~> u.c.p ¥;.
@ Stinespring ~ block op. isometries U; = (U, )a,x and V; = (V)b
Oilean) = (UL Uls low and ti(epr) = (Vi) Vi Jyyr = if cc.
T:SF(My) — My, S : SF(Mp) — M,, associated to ® and ¥, then
(T @ S)(E)C, m)] < (T, @ Sv ) H)C, €)' ((To, @ Svy) (H)m,m)'/2 < wy(€, P).
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Thanks for listening!
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